Abstract We continue studying the zero mass limit of the Kerr-(Anti) de Sitter space-times by investigating the possibility of special values of the frequencies to have polynomial solutions for the radial wave equation, compute reflection coefficient for waves coming from and going to the cosmological horizon and see whether there is Hawking radiation for de Sitter geometry. We used the Parikh-Wilczek method to study this property and could not find Hawking radiation.
Introduction
In a very interesting paper Gibbons and Volkov [1] have claimed that the mass going to zero limit of the Kerr [2] metric has wormhole solutions, which do not agree with contrary claims [3, 4] . In an earlier paper [5] , we have given one explicit solution for a scalar particle coupled to the zero mass of the limit of both the Kerr, Kerr-dS and Kerr-AdS space times, using the wave equation given by Gibbons and Volkov [1] . In that work we had confirmed the result of Gibbons and Volkov by explicitly obtaining one of the wave solutions, which has a cut singularity along the z-axis for the angular equation. These solutions brought to attention whether these solutions have Hawking radiation [7] , possibility of scattering at the origin and quasi normal modes.
In this paper, we continue studying the properties of the wave equation for the radial variable u = − r 2 a 2 for a scalar particle in this metric. The interesting aspect of the metric used is that with appropriate choices of the transformation of the radial and polar angle coordinates, we get the same wave equation for both coordinates.
M. Hortaçsu Physics Department, Mimar Sinan Fine Arts University, Bomonti, 34380 Istanbul, Turkey E-mail: hortacsu@itu.edu.tr Actually, the wave equation has two solutions. One of the solutions validate the Gibbons-Volkov result, with a singularity at the origin and along the z-axis, which is interpreted as a wormhole in [1] . The other solution is smooth at the origin. As expected, there is no event horizon for the Kerr case in the zero mass limit of the black hole.
We have to report that there was an unfortunate mistake in Eq. (1) of the correction to [5, 6] , where the term without derivative should be divided by 4. Fortunately this error is not reflected to the solution, given in Eq. (19) , of [5] .
Here we complete this work by working out the possible quasinormal modes, finding polynomial solutions for this equation, studying the possible reflection of waves coming from the cosmological horizon towards the origin and investigating whether there is Hawking radiation for the de Sitter geometry.
Solutions and Quasinormal Modes
As given in [1] , if we take the time dependence as e −iωt , and φ dependence as e −imφ our wave equation for a scalar particle separates into two equations and reads:
Here
. The independent variable r appears in the radial equation with even powers. Thus any solution which is valid for positive r is also valid for its negative values. If we make the transformations x = cos 2 θ and u = −r 2 /a 2 , we find that we get exactly the same expressions for both the radial and the angular equations. One may wonder why we define u between zero and minus infinity. We make the transformation for u in this way, just to be able to fit to the standard Heun form [8, 9, 10, 11] .
Our Eq. (1), with the transformation to u reads
We gave one of the possible solutions in [5] , for x = cos 2 θ which is written below:
Here H G a General Heun function (H G ) which is multiplied by some monomials to satisfy Eqs. (1, 2) . We used this solution by using the transformation x = cos 2 θ in Eq. (2) to give us the needed singularity on the z axis in [5] . The solution without a singularity at the origin for the variable u reads
The above equation for u seems to have a singularity at (u + 3 a 2 Λ ) = 0. We have to note that, for positive Λ, −u should be less than 3 a 2 Λ [1] . At u = − 3 a 2 Λ , we have the cosmological horizon. For negative Λ, there is no singularity, no event horizon. Eq. (4) is valid for u from zero to minus infinity.
Here, for u, for the AdS case, we do not take the same solution used for the angular variable θ given in Eq. (5), since for the AdS-Kerr geometry our solution can be extended to minus infininity. The solution given in Eq. (5) diverges as u goes to infinity.
For negative cosmological constant one has a solution in terms of a general Heun function [8, 9, 10, 11] multiplied by some powers down to minus infinity.
where the parameters of the general Heun function, our Eq. (7), are given by
Further on in this paper, to get a non diverging and non decaying solution as u goes to infinity, we take the mass of the scalar field µ equal to zero. When the field is massless, we get a simplification,
and
To find the solution when u goes to minus infinity, we make the transformation u = 1 s on Eq. (4), and get (17) and obtain the solution
Since s − c = 
The monomials multiplying H G cancel out and H G equals unity for s = 0. Here we used only α, since using the results in Appendix A, we see that using β will give a vanishing solution when u goes to minus infinity.
We may also look for the polynomial solutions for our Heun equation for the argument u. As stated in [13] , "The complex frequency of quasi normal modes [14, 15, 16, 17] carry the characteristic properties of a black hole.... They can reflect the information about the gravity theory itself, as well as the background space time." In [18, 19] , the boundary conditions to have resonant frequencies are given as to have the radial solution to be finite at the horizon, in our case at the origin, and well behaved at asymptotic infinity, which is at the cosmological horizon for dS or at asymptotic infinity for AdS cases. This reference states that to satisfy the condition at asymptotic infinity one needs polynomial solutions. The first requirement for this is to have either α or β equal to −n [20] , i.e., where
n is the rank of the polynomial. The other parameter, β is given in Eq. (16) above and may also be determined by using the Heun equation constraint α + β + 1 = γ + δ + ǫ on the parameters of the standard form. There is a second necessary criterion, which is the vanishing of a determinant given in [21] 3 Scattering coefficient at the origin For the case when Λ is positive, we can investigate if we have scattering at the origin, for waves coming from the cosmological horizon. One can write the Heun solution expanded in powers of u, in terms of the two linearly independent Heun solutions expanded in powers of (u +
where κ is chosen to be equal to have the second solution in the Heun form. Dekar et al. [22] 
and for scattering for waves coming from the cosmic horizon we take the solution
Here i will take four values, 1, 2, 3, 4.
For solutions expanded in a power series in terms of u, we have
where
). (24) The same equation has another solution due to the properties of the Heun equation [12] which has the same powers multiplying the F 2 term which is written as
). (26) When expanded in terms of u + 3 a 2 Λ , we get two linearly solutions
As stated above, Dekar et al. [22] can calculate the constants necessary for their example by explicitly evaluating the constants in terms of general Heun functions with specific arguments, in their case H G (z) in terms of two General Heun solutions written in terms of z − 1. One can adapt the method of this calculation to our case.
When Λ is positive, we can study the scattering of the wave coming from the cosmological horizon at the origin, producing a reflected wave there. For this to happen we write the wave approaching from the point u = − 3 a 2 Λ to the origin. This necessitates writing F (u) in terms of two functions with arguments u = − 3 a 2 Λ . For the generic case, this will be
In Appendix B, using the method of Dekar et al. [22] , we calculated D 1 , D 2 in terms of General Heun functions with for the generic case. Now we give the specific values for the case we study here. Here we replaced D 1 , D 2 by C 1 , C 2 , to stress hat they are used not for the generic, but for our specific case. Then, we get
),
Using these relations, one ends up with the result
When we write this equation in the simplified form
we see the incoming and outgoing waves. Then the reflection coefficient from the origin reads
(35)
Possibility of Hawking radiation
We will use the Parikh-Wilczek method to see if there is Hawking radiation [7] as a tunneling process. In this method one finds the imaginary part of the action for an s-wave outgoing positive energy which crosses the horizon outwards from r in to r out which is expressed as [23] 
The Parikh-Wilczek method uses only radial and time coordinates.
From here on, we use the statements given in [23] . 
Then, using Hamilton's equation, we can express the time derivative of r in terms of dH dpr evaluated at r. Then
In our work, we have the metric, given by Frolov and Gibbons [1] 
where In Gibbons and Volkov [1] , the transformations
and R cos Θ = r cos θ are given which reduces the metric to the standard (A)dS form
The Parikh-Wilczek method uses only radial and time coordinates. To apply the Parikh-Wilczek method [23] we need dR dτ when ds 2 = 0. If we make the transformation [26] (
to get rid of the singularity at the cosmological horizon, we reduce the metric to the form
which gives
When we insert this expression into Eq. (33) and switch the order of integration, we get
which has no imaginary part for R less than ( 3 Λ ). One can show that for any angle, R can not exceed the maximum value of r which is ( 3 Λ ).
Conclusion
We study the solutions of the wave equation for a scalar particle in the metric given in [1] for the zero mass limit of the Kerr-(Anti) de-Sitter geometry. We find two solutions, one of which has a square root singularity at the origin, both for the radial and polar angle equations, which may be interpreted as the presence of a worm worm hole. The other solution is smooth at the origin. We find that these solutions may have polynomial solution, since they satisfy the first criterion given in [21] for special values of frequency. We also write the reflection coefficient for waves coming from the cosmological horizon. We use the Parikh-Wilczek method to see if there is Hawking radiation. We got the negative result. To find the solution when u goes to minus infinity, we make the transformation x = 1/y first on the generic Heun equation,
to see how the standard equation changes. The new equation is transformed into
We see that the new equation is not of the Heun form. To put it to the Heun form, we have to multiply the solution with y κ where κ is adjusted to put the equation to the Heun form. After this is done we end up with the equation
Here κ is the power of y multiplying the solution to this equation, which may equal to α or to β, giving us two solutions. If κ = α, β goes to δ + ǫ − β, If κ = β, α goes to δ + ǫ − α and we get two solutions:
All through these calculations we used the Heun equation constraint α + β + 1 = γ + δ + ǫ on the parameters of the standard form. If we want the behavior at infinity, we see that the equation behaves as x −α or 
Here C 1 and C 2 are constants that depend on the parameters of the H G function and y 1 satisfies the General Heun equation, By using a clever trick they can evaluate the constants C 1 and C 2 as C 1 (a, q; α, β; γ, δ) = H G (a, q; α, β; γ, δ; 1)
and C 2 (a, q; α, β, γ, δ) = H G (a, q + aγ(α + β − γ − δ), γ + δ − α, γ + δ − β; γ, δ; 1). (56) One can use the same method to write y 1 = H G (a, q; α, β; γ, δ; z)
in terms of two independent solutions expanded around z − a. 
and evaluate D 1 (a, q; α, β; γ, δ) = H G (a, q; α, β; γ, δ; a) (61) D 2 (a, q; α, β; γ, δ) = H G (a, q; α, β; γ, δ) = H G (a, q − γ(α + β − γ − δ); γ + δ − α, ; γ + δ − β; a). (62)
We use this result, with appropriate changes in the parameters to fit our example, in Section 3.
